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Background

* Categorization: Vanilla/initial/dense residuals.
 Motivations: Tackling model degradation;
enhance expressiveness.

See Footnote.
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Feature [:
~ Arbitrary coefficients.
a P
K gk ( ) Feature II:
Utilizing polynomial basis.

Simple & novel residuals;

a spatial GCN to simulate a full-featured

polynomial filter.
* Gap between spatial & spectral GNNs.

Footnote: on spectral GNN
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A small modification on GCNII allows for
arbitrary polynomial filter expressiveness.

 Underlying is a correspondence between
evaluating method and convolution stack.

A Warm-up

GCNII: H*D = 5 (1 - )PHO +aH") (1 — 0,)W + 6,1))

H¢+Y = (1 — o)PH® +aH"

K

H&) = E &, P*H*

Unfold it ! -
rold t=0 A_{a(l—a)f, t <K
“Tla-ok, r=k

Free the coefficients!

H¢+D = PH® + o, H*

K

H&) = Z ax_, PPH

Unfold it ! e

Unfolding Process (1) corresponds to
Horner’s Method! An iterative method for

numerical evaluating.

Hovrwner’'s Method: Evaluates the value of p(x) at
xo Where p(x) = ag + a;x + -+ + a,x™.

bn-1 := apn—1 + bpxy,

b() =aqag + ble,
= p(xo) = b().

HO) = E unfoloing Process

HY) = P (apH*) + a1 H*,

H? =p (13 (aoH*) + aIH*) L

HE) =B (- (B (P (aH") + c1H') + a2H') -+ ) + B’

= HX) = g H* + ag_PH* + - - - + qoPX

= Z(X}( (Pf

A new negative
second-order residual.

H(£+1) — 0((2§H(£) _

e Two shortcuts.

* Allows for simulating arbitrary polynomial filter u
kind).

Model

ClenshawGCN

HYD + o, H)((1 = 0,)WE + 0,1))

pon Chebyshev basis (the second

* The convolution process mimics Clenshaw’s algorithm.
* Inherits strengths from both spatial GNNs and spectral GNNs.

Clenshaw’s AL@OV&H’I WA: Evaluates the

value of p(x) at xo where p(x) = ay + a;U;(x) + - +
a, U, (x), and Uy, is the k-th Chebyshev polynomial (the
2 kind).

br2(xg) =0
bn+1(x0) =0
b (x0) = ay + 2x¢by41(xg) — bg42(xo)
(k=nn-1,...,0)

unfolding Process of
ClenshawgCN

H(_Z) =0
H(_l) =0
H¢*D = 2PH® — HE-D 4 o, HO

(i=01,...,K)

(a) Comparisori with other models eqliipped with different kinds of residual connections. Mean classification accuracies (# standard derivations) R t t-
of twenty random splits are displayed Besides the ClenshawGCN, all'the results are taken directly from Luan et al. [28] and Lim et al. [26] V.S. epresen ative
____________ D't'a:'t"" ":(‘l""l'f"'*'l'"'1 ""\'t":"""‘l'lf" _____(?___c“ "":'C’r‘a‘"":"'Crtesee'r”'"'Pub'M'e'd"'""'g""" residual-enhanced
V] © 2,277 e 520l 7,600 - 183; 183 © 2,708 . 3327 - 19,717 : .
_ _ _ _ _ _ _ _ _ _ _ ; spatial GNNs.
: MLP ©4659+1.84° 3101118  40.18£0.55 86.812.24  84.15+3.05  76.89+0.97°  76.52+0.89  86.14£0.25 :
2 I GCN .. ........6081£2.95 .. 45.87+0.88. .. 33.26£1.15. .. 76.97+3.97. . . 6578+4.16. . 87.1841.12: . 79.85+0.78. .. 86.79£031. .. .. ... .. .. L

GCNII © 63.44+0.85  41.96:1.02  36.89£0.95 80.46+5.91  84.26+2.13  88.46+0.82°  79.97+0.65  89.94%0.31 : La Y‘@G VV\aY‘@IVI on V]6+6"@ra:l>hs

H,GCN 0 52.30+0.48  30.39+1.22  38.85%1.17 85.90£3.53  86.23+4.71 . 87.52+0.61. 79.97+0.69  87.7840.28 :

MixHop - 36.28+10.22 24.55£2.60  33.13:+2.40  76.39+7.66  60.33+2853 - 65.65+11.31 49.52+13.35 87.04+4.10

"""""" GON+JK ' 1 64684285 53.40£1.90 '~ 32.7242.62°  B0.66£1.91  66.56x13.82  86.90£1.51 " 73.77£1.85 " '90.09£0.68
ClenshawGCN © 69.4442.06 62.14+1.65 42.0831.99 93.36+2.35 92.46+3.72 ' 88.90+1.26 80.34+1.26 91.99%0.41 : 20%/20%
; ; 1 ; ; ; ; ; ; ; ; | ; v.s. SOTA spectral
____________ Datasets - Chameleon Squirrel  Actor ~ ~ Texas  Cormell - Cora - Citeseer ~ PubMed - GNNs
|V} 2,277 5,201 7,600 183 183 2,708 3,327 19,717 .
ChebNet © 5951+1.25  40.81+0.42  37.42+0.58  86.28+2.62 83.91+2.17 - 87.32+0.92°  79.33+0.57  87.82+0.24 C/OVWP@‘H'HV@ !
ARMA | 6021£1.00  36.27+0.62  37.670.54  83.97+3.77  85.62+2.13 | 87.13+0.80. 80.04+055  86.93£0.24 :
-~ APPNP- - - - - :5215%1.79 - - - 35.71£0.78 - - :39.76£0:49 - - -90.64+1.70 - - -91.52+1.81 - : -88.16+0.74: - - -80.47+£0.73 - - 88.13£0.33 - - - s s =
GPRGNN | 67.49+138  50.43:1.89  39.91%0.62  92.91+132  91.57£1.96 ' 88.54+0.67.  80.13:0.84  88.46£0.31 :
BernNet © 68.53+1.68  51.39092  41.71#1.12  92.62+1.37  92.13t1.64 = 88.51:0.92°  80.08+0.75  88.51:0.39
ChebNetlI . 71.37+1.01 57.7240.59  41.75%1.07  93.28+147  92.30+1.48 & 88.71%0.93. 80.5330.79 88.93£0.29
"""""" 'c'maswccy | 6944:092 62142070 42.08:0.86 93.36:0.99 92.46+1.64 = 88.90:0. 59' | 8034:057 91992017

- 5 |
Z ~
g‘)() ‘_’_‘_’_’H—H—_"_‘_’ﬁ\"”/ﬂ.—-‘
5 Mean Acc: 91.84 |
(&
<
o R0
(<1
L
=
70
Mean Acc: 63.22
/“?\'\\'
0 ™’ e " | Ablation:
#
»  PubMed | No model
5( o H
’ * Squirrel | degradation

B 8 12 16 20 24 28 32
K / Stacked Lz 1yCrSs

Experiments

Node classification &
Ablations

Ablation: Models

ClenshawGCN ClenshawGCN(-Act)

Clenshaw(-Act-W)

Effectiveness of interwining
nonlinear tranformations
into polynomial filters.

Squirrel 62.14 + 1.65
Chameleon 69.45 + 2.12
PubMed 91.99 + 0.41
Penn94 85.38 + 0.25

61.55 + 1.42 36,92+ 2.13
67.29 + 2.35 70.08 + 2.43
91.56 £ 0.46 91.27 £0.53
84.68 + 0.56 84.39 + 0.26

Take-Home
Messages

e Spatial GNNs and spectral GNNs adopt different perspectives

in utilizing graphs.

* Spectral GNNs are dominated by polynomial filters so far.
SoTA polynomial filters can approximate arbitrary

polynomial functions using
 Spatial GNNs benefit from e
transformations.

* We use simple residual connections

polynomial basis.
ntangled non-linear

to rewire the information

flow, injecting spectral characteristics into a message passing
(spatial) backbone, keeping the entangled transformations.

* The stack of convolution blocks aligns with the iteration of

Clenshaw’s algorithm.

* There is a special negative residual. The role of it is to use

Chebyshev Basis.



